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A microscopic calculation of the conductivity in the integer quantum Hall effect (IQHE) regime 
is carried out. The problem of precision of quantization is analyzed for samples of finite size. It is 
demonstrated that the precision of quantization shows a power-law dependence on the sample size. 
A new scaling parameter describing a dependence of this kind is introduced. It is also demonstrated 
that the precision of quantization linearly depends on the ratio between the amplitude of the chaotic 
potential and the cyclotron energy. The results obtained are compared with the magnetotransport 
measurements in mesoscopic samples. 



Introduction 

Despite the considerable progress in the understand- 
ing of the quantum Hall effect (QHE), no consistent 
microscopic theory of this phenomenon has been devel- 
oped so far. It will be recalled that the Hall resistance 
Rh = h/ve 2 is quantized in a strong magnetic field di- 
rected perpendicularly to the plane of a two-dimensional 
(2D) semiconductor sample Here v is an integer, and 
the precision of quantization at sufficiently low temper- 
atures is limited only by the measurement error, being 
as good as a millionth of a percent It is impor- 

tant that the quantization occurs in a certain range of 
magnetic field strengths or concentrations (on the Hall 
plateau). Such a behavior of the conductivity of a 2D 
electron gas in a strong magnetic field contradicts the 
results of the classical kinetic theory and those obtained 
by the diagram technique of disorder-averaging (e.g. in 
self-consistent Born approximation). 

To describe IQHE, it is necessary to take into account 
the strong localization of electrons in the chaotic impu- 
rity potential in a magnetic field. The allowance for the 
chaotic potential leads to a power-law dependence of the 
localization length £ on the energy of the electronic state 
£ oc (E — E n )~ u , v ~ 2.3 |3|. The existence of the scaling 
law for the energy dependence of the localization length 
indicates that the chaotic potential should be taken into 
account microscopically in order to calculate the conduc- 
tivity in the IQHE regime, which can be done using nu- 
merical methods. 

Previously, numerical calculations have been success- 
fully applied to study the dependence of the localization 
length on the energy of electronic states. Several efficient 
methods are available, which can be used to calculate 
the localization length for rather large samples. Calcu- 
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lations of this kind have been employed to confirm the 
theory of finite-size scaling and obtain values of scaling 
indices that are in a good agreement with the experi- 
ments j 13 ■ Unfortunately, these methods are inappli- 
cable to calculations of the Hall conductivity, because 
a complete knowledge of the carrier spectrum and wave 
functions is necessary in this case. 

In present paper, we calculate ab initio the Hall con- 
ductivity of a 2D electron gas in a strong magnetic field. 
The results obtained suggest that the precision of quan- 
tization of the Hall conductivity on the plateau shows a 
power-law dependence on the sample size and is directly 
proportional to the ratio between the amplitude of the 
chaotic potential and the cyclotron energy. 

Below we describe our model of the chaotic potential 
and the method used to calculate the Hall conductivity. 
Then we present the results of our numerical calculations 
and their analysis. Finally, we compare the theoretical 
results with data obtained in magnetotransport measure- 
ments in mesoscopic samples. 

Model 

We consider a 2D electron gas at zero temperature 
T = and take into account the elastic scattering of 
carriers only. Such an approximation is justified under 
the following conditions. First, the sample should not 
be too " pure" , so that Coulomb effects could not lead to 
transition to the regime of fractional QHE. Second, a fi- 
nite temperature results in the effective limitation of the 
sample size by the phase-breaking length oc T~ p / 2 
Here, the scaling parameter p is determined by the preva- 
lent mechanism of inelastic scattering and, according 
to experimental data 0], is not a universal parameter. 
Finally, the broadening of the Fermi step in the dis- 
tribution function can be disregarded because the typ- 
ical temperatures at which QHE is observed are low, 
T < IK ~ O.lmeV < hcu c . 



The Hamiltonian of noninteracting carriers in the ex- 
ternal magnetic held B and the chaotic impurity poten- 
tial U(t) has the form: 
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Let the magnetic field perpendicular to the plane of a 
2D sample be directed along the z-axis and let the chaotic 
potential U(r) to be independent of z. We choose the 
vector potential of the uniform magnetic field in the form 
A = {—By, 0, 0) (Landau gauge). When a single level in 
a quantum well is considered, the problem is described 
by the following Hamiltonian: 
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*- + U(t), r=(x,y). (2) 



The model impurity potential used in this study has 
the following form: 
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where the quantities U n and r„ are uniformly distributed 
in the interval [£/<, U>] and over the entire plane (x,y), 
respectively. It makes possible to vary the amplitude and 
the correlation properties of the potential with the use of 
the parameters N, U < , C/> and R. At the same time, 
a potential of this kind allows for analytical calculation 
of the matrix elements in the basis of wave functions 
containing plane waves 
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where n > is a Landau level number, H n are the Her- 
mite polynomials, ajj is a magnetic length. For a sample 
of finite dimensions L x x L y , the set of basis wave func- 
tions was determined by the conditions of periodicity over 
a length L x and the point y$ = ka? H falls within an inter- 
val of length L y Q . The eigenenergies and wave functions 
needed to calculate the conductivity can be found by nu- 
merical diagonalization of the Hamiltonian H in the basis 
of the wave functions (@J . 

An expression for the Hall conductivity (Kubo for- 
mula) can be derived at T = using the first-order in 
electric field perturbation theory: 

e x - ;/, ;!•/, !/, + c.c. 
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where S^j are eigenenergies of H , y^ and (J x ) fi are ma- 
trix elements of the coordinate and net current in the 
basis of eigenfunctions of the Hamiltonian H , /i is a chem- 
ical potential and S is a sample area. 
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FIG. 1: Calculated density of states in a magnetic field (three 
lower Landau levels are shown); distribution of electron den- 
sity in (a) localized and (b) extended states. 



Results 

The above-described method for calculation of the Hall 
conductivity of a 2D electron gas makes it possible to 
analyze the influence of the finite sample size on the pre- 
cision of quantization. First of all, we note the impor- 
tance of a consistent calculation of both the density of 
states and the wave functions of electronic states. Fig- 
ure 1 shows the calculated density of states D(£ ) and 
the typical electron density distribution in localized and 
extended states. It can be seen that the wave functions 
corresponding to the minimum density of states are local- 
ized on a microscopic scale of the order of the magnetic 
length, and those corresponding to the maximum density 
of states are extended. 

Figure 2 presents the results of Hall conductivity cal- 
culation for a sample with such a dimensions that one 
Landau level contains 200 electron states. For a magnetic 
field B = 10T this corresponds to a 0.3 x 0.3 fim 2 sample. 
The occurrence of strong conductivity fluctuations be- 
tween QHE plateaus is a mesoscopic effect intrinsic to the 
small samples (< 1/xm) at low temperatures (< 0.1 K). 
For comparison with the results of our calculations, Fig. 3 
shows experimental data obtained in Ref. , where mag- 
netotransport measurements were carried out on a silicon 
MOSFET of dimensions 0.6 x 0.6 [im 2 at a temperature 
of 100 mK. As can be seen from Fig. 3, noticeable Hall 
conductivity fluctuations are observed on the first and 
second QHE plateaus, in addition to those in the transi- 
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FIG. 2: Results of calculation of the Hall conductivity as a 
function of the filling factor v. 
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FIG. 3: Hall conductivity of a 0.6 x 0.6 /im 2 silicon sample 
vs. the gate voltage (reproduced from Q). 



tion regions between the plateaus. 

To analyze the dependence of the precision of quan- 
tization on sample size, we averaged deviations of the 
Hall conductivity of a one filled Landau level from the 
quantized value e 2 /h over the realizations of a random 
potential. The standard deviation of the Hall conductiv- 
ity at the center of the first plateau is plotted against the 
sample size in Fig. 4. The presence in Fig. 4 of equidis- 
tant straight lines in the double logarithmic scale means 
that 5a xy is a power function of the ratio between the 
sample size and the magnetic length and is proportional 
to the amplitude of the chaotic potential U* : 
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Here we introduce a new scaling parameter b, which de- 
scribes sample size dependence of the quantization pre- 
cision. In all our calculations, the parameter b remains 
universal b — 0.7 ± 5%. The proportionality of 5a xy to 
the amplitude of the chaotic potential is, in the limit 
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FIG. 4: Standard deviation of the Hall conductivity at the 
center of the first plateau from e 2 /h as a function of the ratio 
between the sample area S and squared magnetic length a 2 H . 
The straight lines equidistant in the log-log scale correspond 
to doubling of the amplitude of the chaotic potential (from 
bottom to top). 



U* <C hui c , an exact analytical result, which is derived in 
the Appendix. As the estimate based on Eq. © shows, 
fluctuations of the Hall conductivity on the plateau may 
be as large as 10 -2 for samples of submicrometer dimen- 
sions. This estimation is in a qualitative agreement with 
the experimental data of |7j. 

It should be noted that the power-law dependence of 
the precision of quantization on the sample size, obtained 
here, is qualitatively confirmed by measurements per- 
formed on macroscopic samples. In particular, Hall con- 
ductivity fluctuations have been observed in the plateau 
at a level of 10~ 7 (at a measurement error less than 10~ 8 ) 
for a silicon transistor of dimensions 2x2 mm 2 [S| . At the 
same time, most of the theoretical studies known to us 
state that the correction to the Hall conductivity, asso- 
ciated with the finiteness of the sample size, is exponen- 
tially small 0| , 0| • Conclusions of this kind are based on 
the exponential behavior of the wave functions of local- 
ized states. This, indeed, leads to an exponentially small 
slope of the IQHE plateau, but does not determine the 
precision with which the Hall conductivity in the plateau 
takes a quantized value ve 2 /h. The a xy value on the 
plateau is determined by all electronic states lying below 
the Fermi level, both localized and extended. 

To conclude, we emphasize that the complete under- 
standing of the high precision quantization, observed in 
experiments on the quantum Hall effect, requires further 
analysis of how the precision of quantization depends on 
various factors. In the first place, high-precision experi- 
ments where the dependence of the precision of quantiza- 
tion on sample size, temperature, and carrier mobility are 
to be performed. It is known from the temperature de- 
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pendence of the Hall conductivity of small (L ~ 10//m) 
samples that, at temperatures T < 30mK , the inelas- 
tic scattering length can exceed the sample length L Q . 
This means that such experimental conditions open op- 
portunities for direct observation of the deviation of the 
Hall conductivity from the quantized value as a function 
of sample size. It can be expected that measurements of 
this kind should reveal a power-law, rather than expo- 
nential dependence of 5a xy /a xy on L. 
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Appendix 

We now demonstrate that the Hall conductivity takes 
a quantized value ue 2 /h at the center of each plateau in 
the limit U*/huj c — > 0. Let the amplitude of the chaotic 
potential U* be so small as compared to the cyclotron en- 
ergy hid c , that the density of states, D(£), has an energy 
gap between Landau levels N — 1 and N, N > 1. Let 
us calculate the Hall conductivity for the case when the 
chemical potential lies within this gap, i.e., in the case of 
N completely filled Landau levels. 

If the condition J7* <C ft,tu c is satisfied, the eigenenergies 
and eigenfunctions of the Hamiltonian @ can be found in 
terms of the perturbation theory for degenerate states Q . 
In this case, the exact eigenenergies and wave functions 
can be represented as: 

£ naM =Hu c (n + 1/2 + 0(t)), (7) 

*naW = X] A a (,n)k^nk + t X B aWm):*mti (8) 

x;^c-)fc^/9w*=*«(-)/jc-)+o(t)- (9) 

k 

Hereinafter we use Greek letters with superscripts n(m) 
to denote energy sublevels of the Landau level with a 
number n(m): aW,|3' m '; t is a small parameter t — 
U„/fuJc- The explicit form of the basis functions ^ n k 
is given by Eq. J3J. The set of coefficients A and B 
depends on t, having a finite limit at t — ► 0; the Eq. (JjJJ 
is a direct consequence of the orthonormality of the set 
of eigenfunctions f Ba (») . It is convenient to introduce 
auxiliary wave functions 

~* k 



in such a way that they are exactly orthonormal and 
coincide with the eigenfunctions ^ na ( n ) to within 0(t). A 
consequence of the orthonormality of the wave functions 
^ na ( n ) is the following identity derived from Eq JHJ: 

X C 'a<™>fc C / 3< ' l)fc = <5 Q (")/3<")- (H) 
k 

Let us generalize the functions (|10l) in the following way: 

=J2 C <* (m) k*nk- (12) 
k 

Despite that atm^n the wave functions $ m (m) are 
not eigenfunctions of the Hamiltonian H in the limit 
t — > 0, they are of use in further calculations. In partic- 
ular, ^ n (^m)ai m ) can be expressed in terms of the wave 
functions (fTTTfl : 

= X! D a^)p(«)^n/3M- (I 3 ) 

Using Eqs. (|10|I - 1|13JI . we can readily obtain one more 
identity: 

5l £, Q<>") 7 (™> Z V m >7<' l > = 6 a (m)p{m). (14) 

To calculate the Hall conductivity by the Kubo for- 
mula ijHjl. it is necessary, first of all, to derive expressions 
for the matrix elements of the operators of the coordi- 
nate, y, and net current, J x . In the basis of the wave 
functions J2J, we have: 

eh 

(^nk\Jx\^ mq ) = (*nfc|A|* m9 ), (15) 

man 

(^nk\y\^mq) = a H nk \A\^ mq ) + ka 2 H 5 kq S mn , (16) 
,t Jit v /max(m, n) . . 

(*„fc|A|* mi? > = y L hq5\ m -n\A- (17) 

Using the above identities, we obtain the following matrix 
elements between the neighboring Landau levels: 

(*„_i, Q (n) |A|* nj3( „)> - y/^/25 a w pW , (18) 

(*n-l,a(»-0l^l*n/jW> = V 7 ^ A,<"-^<"> • (19) 

In Eqs. (|18fl . I|19l> and below the operator A is given by 
any of two following expressions: 

A = {y/a H , ma H J x /{eh)}. (20) 

Thus, if the chemical potential level fi lies within the 
energy gap between two Landau levels, calculation of the 
Hall conductivity by the Kubo formula gives the following 
result: 
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Here the summation over 0^ N > reduces to calculation ol Thus, we proved that the Hall conductivity at the cen- 
the number of states per Landau level in a sample of area ter of a plateau a xy = ve 2 jh + 0(U*/Tiu} c ). 
S, and, therefore, 1 = S/{2ira 2 H ) |(J. 
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